Abstract. Let ' > 3 be a prime. Fix a regular character w of F Â ' 2 of order 4 ' À 1, and an integer M prime to '. Let f 2 S 2 ðG 0 ðM' 2 ÞÞ be a newform which is supercuspidal of type w at '. For an indefinite quaternion algebra over Q of discriminant dividing the level of f, there is a local quaternionic Hecke algebra T of type w associated to f. The algebra T acts on a quaternionic cohomological module M. We construct a Taylor-Wiles system for M, and prove that T is the universal object for a deformation problem (of type w at ' and semi-stable outside) of the Galois representation r r f over F F ' associated to f; that T is complete intersection and that the module M is free of rank 2 over T. We deduce a relation between the quaternionic congruence ideal of type w for f and the classical one.
Introduction
The fact that certain Hecke algebras are complete intersections and universal deformation rings is a fundamental ingredient in Wiles' proof of the modularity of semistable elliptic curves over Q [36, 39] .
Taylor and Wiles' original construction makes use of the so-called 'multiplicity one' result for the '-adic cohomology of the modular curve: namely the fact that this cohomology is free of rank 2 over the Hecke algebra when localized at certain maximal ideals. This result generalizes a theorem of Mazur [21] . Its proof is based on the q-expansion principle for classical modular forms. The Gorenstein property for the Hecke algebra is known to follow from it.
However, some later refinements due to Diamond [10] and Fujiwara [13] give an axiomatization of the Taylor-Wiles construction which allows one to prove that the Hecke algebra is a universal deformation ring without assuming the multiplicity one result. Furthermore, multiplicity one becomes a consequence of this construction.
As Diamond points out in [10] , in addition to simplifying the arguments of Wiles and Taylor and Wiles, this approach makes these methods applicable in situations where one cannot appeal a priori to a q-expansion principle or to the Gorenstein property of the Hecke algebra, for instance, the case of Hilbert modular forms (treated by Fujiwara) or the case of quaternionic modular forms, arising from the cohomology of Shimura curves. In [10] , Diamond gives an application of his method which produces multiplicity results for the '-adic cohomology of Shimura curves arising from quaternion algebras unramified at '. Some multiplicity one results of this kind were previously proved by Ribet in [25] by different methods. In his work, Ribet also obtains negative results, i.e., cases where the cohomology fails to be free over the Hecke algebra.
One of the main problems in dealing with Shimura curves arising from quaternion algebras ramified at ' is that the Galois representations associated to the cohomology of such curves are very ramified at '. In general, we cannot appeal to a theory analogous to that of Fontaine and Laffaille which allows one to calculate the dimension of the tangent space of the local deformation functor at '. Therefore, the techniques of Wiles and Taylor and Wiles are not applicable as they are.
However, for the case of representations arising from '-divisible groups over certain tamely ramified extensions of Q ' , the work of B. Conrad [4, 3] allows one to do this calculation. The results of B. Conrad have already been used in [5] to prove the modularity of some '-adic Galois representation (whose reduction modulo ' is known to be modular) which are not semistable at ' but only potentially semistable. A generalization of Conrad's results has been recently obtained by Savitt [28] .
In this paper, we combine the method of Diamond and Fujiwara with Conrad's result (as in [5] ) to deal with the Hecke algebra acting on some local component of the '-adic cohomology of Shimura curves ramified at '.
More precisely we fix a prime ' > 3. Let D 0 be the product of an odd number of primes, D ¼ 'D 0 ; N be a square-free integer, ðN; DÞ ¼ 1. Let B denote the indefinite quaternion algebra over Q of discriminant D, and RðNÞ be an Eichler order of level N in B.
We assume the existence of a new form f 2 S 2 ðG 0 ðND 0 ' 2 ÞÞ, associated to an automorphic representation p of GL 2 ðAÞ coming, by Jacquet-Langlands correspondence, from a representation p 0 of B . We suppose that the order e of w is 4 ' À 1. Let K be a finite extension of Q ' containing Q ' 2 and the eigenvalues of f, O be its '-adic integer ring, l a uniformizer of O, k the residue field. For simplicity, we discuss in this introduction the case where the group B Â \ ðGL þ 2 ðRÞ Â Q p RðNÞ Â p Þ has not elliptic elements (this depends on the congruence class mod 4 of primes dividing D and N, see [38, IV.3 .A] for the precise statement); in the general case, by an argument of Diamond and Taylor [11] an auxiliary prime s can be added in the level. Let X be the adelic Shimura The form f determines a character T w ! k whose kernel is a maximal ideal m of T w . We define M ¼ H 1 ðX; OÞ w m , T ¼ T w m . Let r: Galð Q Q=QÞ ! GL 2 ðOÞ be the Galois representation associated to f, r r the semi-simplification of its reduction mod l. We assume that r r is absolutely irreducible and ramified at primes p dividing N. We impose the further conditions that p 2 6 1 mod ' if p is a prime dividing D 0 such that r r is unramified at p and that the centralizer of r rj G ' is trivial. Under these hypotheses on r r, we construct a TaylorWiles system consisting of quaternionic cohomological modules, which allows one to characterize T as the universal solution of a deformation problem for r r and to assert that T is complete intersection (Theorem 3.1). This construction provides also the multiplicity one result for the module M. In order to define the right deformation condition at ', we make use of the property of 'being weakly of type w' for a deformation, introduced in [5] . At primes p dividing D 0 such that r r is unramified at p we had to define a deformation condition which excludes deformations arising from modular forms unramified at p; if p 2 6 1 mod ' we found that an appropriate condition is given by traceðrðF
for a lift F of Frob p in G p . For a deformation to O=l n this condition is equivalent to that of being of the 'desired form' in the sense of Ramakrishna [23, Section 3] . Let D 1 be the set of primes p dividing D 0 such that r r is ramified at p. By an abuse of notation, if S is a set of primes, we shall sometimes denote by S also the product of the primes in this set.
In Section 4 we assume the existence of a newform g in S 2 ðG 0 ðD 1 ' 2 ÞÞ supercuspidal of type w at ' and such that r r g ¼ r r. In other words, we are assuming that the representation r r occurs in type w and minimal level. We choose a pair of disjoint finite sets S 1 ; S 2 of primes p such that '=jpðp 2 À 1ÞD 1 . We assume that D 1 is not empty. We slightly modify the deformation problem of r r described above by imposing condition 1 for primes in S 2 and allowing ramification at primes in S 1 ; in this way we define a deformation ring R S 1 ;S 2 and a local Hecke algebra T S 1 ;S 2 acting on the forms which are supercuspidal of type w at ', special at each prime in S 2 and congruent to g mod '. By combining Theorem 3.1 with Theorem 5.4.2 of [5] , we prove (Theorem 4.5) that the natural map R S 1 ;S 2 ! T S 1 ;S 2 is an isomorphism of complete intersections. Let h be a newform in S 2 ðG 0 ðD 1 S 2 ' 2 ÞÞ supercuspidal of type w at ' and congruent to g mod '. Let y h;S 1 ;S 2 : T S 1 ;S 2 ! O be the section associated to h and Z h;S 1 ;S 2 be the corresponding congruence ideal. We show that
where ðy p ðhÞÞ is the ideal generated by the highest power l n of l such that r h is unramified mod l n O. This ideal can be interpreted in terms of the group of components of the fiber at p of the Ne´ron model of the abelian variety associated to h, so that the above formula gives a generalization of the main theorem of [26] and [33] in the 'type w' context.
Shimura Curves and Cohomology
In this section, ' is a prime > 2. Let D 0 be a product of an odd number of primes, different from '. We put
Let B be the indefinite quaternion algebra over Q of discriminant D. Let R be a maximal order in B. For a rational place v of Q we put
the subgroup of finite ideles. The reduced norm and trace in B will be noted n and t respectively; a ! a c is the principal involution in B. For every rational place v of Q not dividing D, we fix an
Let N be an integer prime to D. If p is a prime not dividing D we define
where u ' is a uniformizer of B Â ' . For i ¼ 0; 1, we define also
There is an isomorphism
By this isomorphism F 0 ðN; UÞ=F 1 ðN; UÞ is identified with the subgroup G F Â ' 2 of order ' þ 1, namely the kernel of the norm from
where the t i 's are representatives in R
. We define the Shimura curves
The curve X 0 1 ðN; UÞ is not connected, since the reduced norm n: We fix a character w: F Â ' 2 ! Q Q Â satisfying the following conditions:
Condition 4 means that w does not factor by the norm from
. We fix embeddings of Q Q in Q Q ' and in C so that we can regard the values of w in these fields.
Assume now that the group F 0 ðN; UÞ has no elliptic elements. Let Q ' 2 denote the unramified quadratic extension of Q ' , Z ' 2 its '-adic integer ring.
Let K be a finite extension of Q ' 2 . Let O be the ring of integers of K and l be a uniformizer of O.
Consider the projection p: X 
In an analogous way, there is a decomposition ðN; UÞ C and the Hecke algebra TðV w Þ generated over C by the Hecke operators T p with p 6 ¼ ' and hni acting on V w . The latter is also equal to the Hecke algebra generated by all the Hecke operators, because the forms occurring in V w are supercuspidal at ' and so T ' ¼ 0 on V w . In the same way we can deal with S 2 ðV 0 ðN; UÞ; w wÞ. The space V w is a direct sum of W a 's; therefore it is a direct summand of 
The Deformation Problem
If K is a field, let K K denote an algebraic closure of K; we put G K ¼ Galð K K=KÞ. For a local field K, K unr denotes the maximal unramified extension of K in K K; we put
we denote W Q p , WD Q p the Weil group and the Weil-Deligne group over Q p respectively, cf. [34] . If r is a representation of G Q we write r p for the restriction of r to a decomposition group at p.
In the rest of this paper, ' is a fixed prime > 3. We fix a character w:
By composing with the reduction mod ' we can view w as a character of Z 
A TAYLOR-WILES SYSTEM Let M 6 ¼ 1 be a square-free integer not divisible by '; and f ¼ P 1 n¼1 a n ð f Þq n be a normalized newform in S 2 ðG 0 ðM' 2 ÞÞ. Let p f ¼ N v p f;v be the automorphic representation of GL 2 ðAÞ associated to f; then p f;p is special, for all pjM. We assume that f is supercuspidal of type w at ', that is p f;' ¼ p ' ðwÞ, (see [37, Section 3.16] for some conditions on M assuring that such a form f exists). Let r f : G Q À! GL 2 ð Q Q ' Þ be the Galois representation associated to f and r r:
is a product of an odd number of primes. We impose the following conditions on r r: r r is absolutely irreducible; ð6Þ
if pjD 0 and p 2 1 mod '; then r rðI p Þ 6 ¼ 1; ð8Þ
Let K ¼ Kð f Þ be a finite extension of Q ' containing Q ' 2 and the eigenvalues for f of all Hecke operators. Let O be the ring of integers of K, l be a uniformizer of O, k ¼ O=ðlÞ be the residue field. Let B denote the set of normalized newforms h in S 2 ðG 0 ðM' 2 ÞÞ which are supercuspidal of type w at ' and whose associated representation r h is a deformation of r r. For h 2 B, let h ¼ P 1 n¼1 a n ðhÞq n be the q-expansion of h and let O h be the O-algebra generated in Q Q ' by the Fourier coefficients of h. Let T denote the sub-O-algebra of Q h2B O h generated by the elementsT T p ¼ ða p ðhÞÞ h2B for p6 j M'. Our next goal is to state a deformation condition of r r which is a good candidate for having T as universal deformation ring.
LOCAL DEFORMATIONS AT ': THE TYPE t
We use the terminology and the results in [5] .
We can regard w as a character of I ' by local classfield theory:
Consider the type t ¼ w È w s :
The representation r f;' is of type t, since by [27] 
Let e be the order of w. The kernel H of the above map is an open normal subgroup of I ' , therefore it fixes a finite extension
for a finite extension F of Q ' of ramification index e. Since 
where Z is an unramified character of G ' , o is the cyclotomic character mod' and m þ n 1mod' À 1. By O F -flatness and the connectedness of G and its Cartier dual, Raynaud's classification gives ne i þ 1mod' À 1 with 04i4e À 2. If ' 6 1mod4 or e 6 ¼ ð' þ 1Þ=2 or n 6 ¼ ð' À 1Þ=2 mod ' À 1 or ZðFrob ' Þ 6 ¼ AE1, then there is exactly one such representation (up to isomorphism).
Suppose finally
Á becomes flat over the ring of integers of a tamely ramified extension of F, so that Ã must be peu ramifie´by [30 
LOCAL DEFORMATIONS AT PRIMES DIVIDING M
Let g be a weight two eigenform with trivial character such that r r g $ r r. By the results of Deligne, Langlands and Carayol [2] , the local component p g;p is special of conductor p if and only if r g j
we get a suitable deformation condition at p by requiring the restriction to I p to be unipotent (the condition of minimal ramification at p, [22] ).
On
. Since p 6 1 mod ' we see that r is strictly equivalent to a representation (which we denote by r again) such that rðFÞ is diagonal: rðFÞ ¼ À a 0 0 b Á with a AEp; b AE1modm A . We prove that rðsÞ has the form
Á and N n commute modm nþ1 A . The above equality, under the hypothesis p 2 6 1mod', gives x n ;w n ;z n 2 m [8] for checking the representability of the deformation subfunctor F Q . Let F 0 Q be the functor corresponding to conditions (a Q ), (b), (e). We know that it is representable (see, for example, [22, Section 29] ). On the other hand one easily checks that the subset of deformations having properties (c) and (d) in Definition 2.5 satisfies the representability criterion in [8, Proposition 6.1]: then there is a closed ideal a Q ofR R Q such that the ring
Let R Q be the universal ring associated to the functor F Q . We put F ¼ F ; , R ¼ R ; .
Construction of a Taylor-Wiles System
We set D ¼ 'D 0 ; let B be the indefinite quaternion algebra over Q of discriminant D.
Let R be a maximal order in B.
It is convenient to choose an auxiliary prime s 6 j M'; s > 3 such that no lift of r r can be ramified at s; such a prime exists by [11, Lemma 2] . With the notation of Section 1,
it is easy to verify that the group F 0 has not elliptic elements.
There exists an eigenformf f in S 2 ðG 0 ðMs 2 ' 2 ÞÞ such that r f ¼ rf f and T sf f ¼ 0. By the Jacquet-Langlands correspondence, the formf f determines a character T w 0 ðNs 2 ; UÞ À! k sending the operator t in the class mod l of the eigenvalue of t forf f. The kernel of this character is a maximal ideal m in T 
Since R is topologically generated by traces, the map R ! Q h2B O h has image T.
Thus there is a surjective homomorphism of O-algebras F: R À! T:
Our goal is to prove the following THEOREM 3.1. ðaÞ R is complete intersection of dimension 1; ðbÞ F: R ! T is an isomorphism; ðcÞ M is a free T-module of rank 2.
In order to prove Theorem 3.1, we shall apply the Taylor-Wiles criterion in the version of Diamond [10] and Fujiwara [13] .
We shall prove the existence of a family Q of finite sets Q of prime numbers, not dividing M', and of an R Q -module M Q for each Q 2 Q such that the system ðR Q ; M Q Þ Q2Q satisfies the following conditions: (TWS1) For every Q 2 Q and every q 2 Q, q 1 mod '; for such a q, let D q be the '-Sylow of ðZ=qZÞ Â and define D Q ¼ Q q2Q D q . Let I Q be the augmentation ideal of O½D Q . Then R Q is a local complete O½D Q -algebra and R Q =I Q R Q ' R; (TWS2) M Q is O½D Q -free of finite rank a independent of Q; (TWS3) for every positive integer m there exists Q m 2 Q such that q 1 mod ' m for any prime q in Q m ; (TWS4) r ¼ jQj does not depend on Q 2 Q; (TWS5) for any Q 2 Q, R Q is generated by at most r elements as local complete O-algebra; (TWS6) M Q =I Q M Q is isomorphic to M as R modules, for every Q 2 Q.
Then Theorem 3.1 will follow from the isomorphism criterion in [10, Theorem 2.1] and [13, Theorem 1.2].
THE ACTION OF D Q ON R Q
Let Q be a finite set of prime numbers not dividing ND and such that (A) q 1 mod '; 8q 2 Q; (B) if q 2 Q, r rðFrob q Þ has distinct eigenvalues a q ; b q contained in k.
Letã a q andb b q be the two roots in O of the polynomial X 2 À a q ð f ÞX þ q reducing to a q ; b q , respectively. Let D q ; D Q ; I Q as in condition (TWS1) above. The ring R Q defined in Section 2.3 is naturally equipped with a structure of O½D Q -module. In fact for every deformation r of r r with determinant E and for every q 2 Q,
for some character x q such that x x q ðFrob q Þ ¼ a q , [36, Appendix, Lemma 7] . Let w q : G Q ! D q be the composite of the cyclotomic character modulo q: G Q ! ðZ=qZÞ Â and the projection on the '-part ðZ=qZÞ Â ! D q ; we put
Proof. The deformation associated to the quotient R Q ! R Q =I Q R Q is unramified at every q 2 Q; properties (b)-(e) in Definition 2.5 are stable by quotients; therefore there exists a map R ! R Q =I Q R Q which is the inverse of the evident map
THE HECKE ALGEBRAS T Q
Let B Q denote the set of new forms h of level dividing MQ' 2 special at primes p dividing M, supercuspidal of type w at ', such that r r h $ r r and whose nebentypus c h factors through the map ðZ=MQ'
O h generated by the elementsT T p ¼ ða p ðhÞÞ h2B Q for p6 j MQ' and ðc h ðnÞÞ h2B Q for n 2 D Q . Then T Q is naturally an O½D Q -algebra.
There is a surjective homomorphism of O½D Q -algebras
Proof. For each h in B Q , the Galois representation r h is a deformation of r r, unramified outside MQ' and such that detðr 
where a is an unramified character, a 2 ¼ c h w Q , Ã ramified. Therefore r O h ; since R Q is generated by traces, the image of this homomorphism is in T Q . Again by Deligne-Langlands-Carayol, if qjQ then
where a is unramified. Therefore F Q brings f q j I q to w 1=2 q j I q and so it is O½D Q -linear and surjective. &
DEFINITION OF THE MODULES M Q
If q 2 Q, we put
where H q is the subgroup of ðZ=qZÞ Â consisting of elements of order prime to '. We define 
By 13 every form in B 0 Q is principal at each q dividing Q; therefore it is unramified at these places, by [19] . So these forms are Q-old; therefore B 0
We define a map of R-modules:
By (c) and Nakayama's lemma, it is an isomorphism if and only if its reduction modulo l F:
is injective. Notice that the restriction map res F Q =F Q 0 is injective on H 1 ðF Q ; kðw wÞÞ, because '6 j q þ 1.
Let Z q be the ide`le in B
as follows: let x be a cocycle representing the cohomology class x in H 1 ðF Q ; Oðw wÞÞ; then xjZ q is represented by the cocycle x 0 ðgÞ ¼ wðd q Þ Á xðd q gd
there is a smallest integer n such that ðT q À a q Þ n ðxÞ ¼ 0. By induction on n, we show that FðxÞ ¼ 0 implies x ¼ 0. If n ¼ 1 then x is an eigenvector for T q . Then it is easy to see that
so that
and the latter is cohomologous to b q P i wðh i Þxðh i gh À1 j Þ. From the cocycle relation we know that wðh i Þxðh i gh
Since i 7 ! jðiÞ is a permutation of f1; . . . ; q þ 1g we find
The sum on the right side is a coboundary, so that
since q 1 mod '. This shows that a q À 2b q kills res F Q =F Q 0 x. Since a q and b q are distinct mod ', a q À 2b q is a unit, so res 
The Quotient between Classical and Quaternionic Congruence Ideals
Let D 1 be a set of primes, disjoint from '. By an abuse of notation, we shall sometimes denote by D 1 also the product of the primes in this set. Let g be a newform in S 2 ðG 0 ðD 1 ' 2 ÞÞ supercuspidal of type w at '. As above, let t be the type t ¼ ðw È w s Þj I ' . Let r r ¼ r r g : G Q ! k; k F F '1 be the residue representation associated to g and suppose that r r is ramified at every prime in D 1 . In other words, we are assuming that the representation r r occurs with type t and minimal level. This happens for example if the type t is 'strongly acceptable' for r r in the sense of Conrad, Diamond and Taylor We assume that the character w satisfies conditions (3) and (4) O generated by the elements
is generated by traces, we know that there exists a surjective homomorphism of O-algebras R S 1 ;S 2 ! T S 1 ;S 2 . Moreover, Theorem 5.4.2 of [5] shows that R S 1 ;; ! T S 1 ;; is an isomorphism of complete intersections, for any subset S 1 of D 2 (In section 2.1 we verified that the type t is acceptable for r r; in [5] the further hypothesis that t is strongly acceptable for r r is made in order to prove that B ; 6 ¼ ;, but we can do without it, since we are already assuming the existence of g).
If D 1 6 ¼ 1, then each T ;;S 2 acts on a local component of the cohomology of a suitable Shimura curve, obtained by taking an indefinite quaternion algebra of discriminant S 2 ' or S 2 'p for a prime p in D 1 . Therefore Theorem 3.1 gives the following COROLLARY 4.1. Suppose that D 1 6 ¼ 1 and that B ;;S 2 6 ¼ ;; then the map R ;;S 2 ! T ;;S 2 is an isomorphism of complete intersections.
If p 2 S 2 there is a commutative diagram ðaÞ the map R S 1 ;S 2 ! R S 1 =p;S 2 p has kernel ðx p Þ; ðbÞ the map R S 1 ;S 2 ! R S 1 =p;S 2 has kernel ðy p Þ.
Proof. The deformation over R S 1 ;S 2 =ðx p Þ satisfies the sp-condition at p; thus there is a map R S 1 =p;S 2 p ! R S 1 ;S 2 =ðx p Þ; on the other hand the map R S 1 ;S 2 ! R S 1 =p;S 2 p kills x p and so it induces a map R S 1 ;S 2 =ðx p Þ ! R S 1 =p;S 2 p . By universality the two maps are inverse each other. An analogous argument holds for assertion b), by replacing x p by y p and the sp-condition by the condition of being unramified at p. 
We are now ready to prove b); according with Criterion I of [9] Remark 4:8: Let h be a weight two eigenform with trivial character, which is p-new for a prime p such that '6 j pðp 2 À 1Þ. Let O 0 be the ring generated over Z by the Fourier coefficients of h, K 0 its quotient field, and letÕ O 0 be the integral closure of O 0 in K 0 . By the work of Shimura [32] , there is an Abelian variety A over Q associated to h, of dimension equal to ½K 0 : Q, such that O 0 End ðAÞ. The '-adic Tate module T ' ðÃ AÞ is a free Z ' ZÕ O 0 -module of rank 2 and M ¼ T ' ðÃ AÞ Z ' Õ O 0 O is an O-integral model for r h . Assume that the representation r r h over k is absolutely irreducible; then up to homotheties there is a unique O-lattice stable for G Q in the space of r h . Therefore the order at ðlÞ of y p ðhÞ is the greatest exponent n 0 such that I p acts trivially over M O O=ðl n 0 Þ.
Since h is special at p, A andÃ A have multiplicative reduction at p: there is an exact sequence of ðZ ' Õ O 0 Þ½I p -modules 
Now let h be a newform in S 2 ðG 0 ðMÞ; QÞ where M ¼ DN is the product of two relatively prime integers D and N and D is the discriminant of an indefinite quaternion algebra B over Q. Let X D 0 ðNÞ be the Shimura curve associated to B and to an Eichler order of level N in B. Let E be the elliptic curve associated to h and let dðEÞ; d D ðEÞ denote the degrees of parametrization of E by X 0 ðMÞ and X D 0 ðNÞ respectively; under the hypothesis of the irreducibility of r r h , the main theorem in [26] and [33] 
where c p ðEÞ ¼ jF p ðEÞj. If ' 6 j M then the ideal generated by dðEÞ in Z ' is the annihilator of the Z ' -module of congruence of h with respect to forms in S 2 ðG 0 ðMÞÞ, cf. [40, Theorem 3] . Therefore by equality 19 we can regard Corollary 4.7 as an analogue of formula 20 (locally at ') in the 'type w' context.
